Probing superfluidity of periodically trapped ultracold atoms in a cavity by 

transmission spectroscopy 
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We study a system of periodic Bose condensed atoms coupled to cavity photons using the input- 
output formalism of [3| ■ We show that the cavity will either act as a through pass Lorentzian filter 
when the superfluid fraction of the condensate is minimum or completely reflect the input field when 
the superfluid fraction is maximum. We show that by monitoring the ratio between the transmitted 
field and the reflected field, one can estimate the superfluid fraction. 
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Experimental implementation of a combination of cold 
atoms and cavity QED (quantum electrodynamics) has 
made significant progress [H, [3, 0] . This is a conceptually 
new regime of cavity QED, in which all atoms occupy 
a single mode of a matter-wave field and couple identi- 
cally to the cavity light field, sharing a single excitation. 
It has been shown theoretically that the strong coupling 
of the condensed atoms to the cavity mode changes the 
resonance frequency of the cavity 0] and finite cavity re- 
sponse times lead to damping of the coupled atom-field 
excitations [j| • The driving field in the cavity can signif- 
icantly enhance the localization and the cooling proper- 
ties of the system 0, @]. It has been demonstrated that 
in a cavity the atomic back action on the field intro- 
duces atom-field entanglement which modifies the asso- 
ciated quantum phase transition [8]. The light field and 
the atoms become strongly entangled if the latter are 
in a superfluid state, in which case the photon statistics 
typically exhibits complicated multimodal structures [9(. 
Because of the strong coupling of the condensate wave 
function to the cavity modes, a band structure of the con- 
densate also leads to a band structure of the intracavity 
light fields. This in turn influences the Bloch energies, 
effective mass, Bogoliubov excitations and the superfluid 
fraction of the BEC 0. 

Scattering of light from different atomic quantum 
states creates different quantum states of the scattered 
light, which can be distinguished by measuring the pho- 
ton statistics of the transmitted light. For the Mott in- 
sulator, the number of photons scattered is zero while 
for the superfluid state it is nonzero and proportional to 
the number of atoms (lH \l2\ [l3j . However one would 
also be interested in measuring the superfluid fraction 
of the Bose-Einstein condensate (BEC) which forms the 
motivation for the present work. Following the work of 
Collett and Gardiner 14[, we link the internal scattered 
light with the external input and the output field using 
the boundary conditions at the cavity mirrors and show 
that the output field can be manipulated coherently by 
the state of the BEC and the external pump. 



condensate of N two-level 87 Kb atoms in the \F = 1 > 
state with mass m and frequency u> a of the \F = 1 >^ 
\F' = 2 > transition of the D2 line of 87 Rb, strongly inter- 
acting with a quantized single standing wave cavity mode 
of frequency lu c . The cavity field is also coupled to exter- 
nal fields incident form the two side mirrors. The internal 
field is linked with the input by identification of the noise 
with the incoming field and the output can then be calcu- 
lated using the boundary condition at the cavity mirror. 
In order to create an elongated BEC, the frequency of 
the harmonic trap along the transverse direction should 
be much larger than one in the axial (along the direction 
of the optical lattice) direction. The system is also coher- 
ently driven by a laser field with frequency uj p through 
the cavity mirror with amplitude rj. The two sided cav- 
ity has two partially transparent mirrors with associated 
loss coefficient 71 and 72. It is well known that high-Q 
optical cavities can significantly isolate the system from 
its environment, thus strongly reducing decoherence and 
ensuring that the light field remains quantum-mechanical 
for the duration of the experiment. The harmonic con- 
finement along the directions perpendicular to the optical 
lattice is taken to be large so that the system effectively 
reduces to one-dimension. This system is modeled by a 
Jaynes-Cummings type of Hamiltonian (-Hjc) in a rotat- 
ing wave and dipole approximation 0] 
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where A a = uj p — oj a and A c = lu p — lu c are the large 
atom-pump and cavity-pump detuning, respectively and 
A c > A a . In this work we will consider only the case 
A a > 0. Here a + ,<r~ are the Pauli matrices. The atom- 
field coupling is written as g{x) = gocos(kx). Here fi is 
the annihilation operator for a cavity photon. Since the 
detuning A a is large, spontaneous emission is negligible 

and we can adiabatically eliminate the excited state using 

1 

the Heisenberg equation of motion a~ = — [Hjc,cr~]. 

h 



We consider an elongated cigar shaped Bose-Einstein This yields the single particle Hamiltonian 



2 



Hq = hA c a*a- 
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The parameter Uq = -r— is the optical lattice barrier 

height per photon and represents the atomic backaction 
on the field Q. Here we will always take Uq > 0. In 
this case the condensate is attracted to the nodes of the 
light field and hence the lowest bound state is localized at 
these positions which leads to a reduced coupling of the 
condensate to the cavity compared to that for Uo < 0. 
Along x, the cavity field forms an optical lattice potential 
of period A/2 and depth hUo(a^a + 1). We now write the 
Hamiltonian in a second quantized form including the 
two body interaction term. 
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where Vt'(r) is the field operator for the atoms. Here 
a s is the two body s-wave scattering length. The corre- 
sponding Bose-Hubbard Hamiltonian can be derived by 
writing ^(r) = ^2i i biw{f — r*i), where w{f — ri) is the 
Wannier function and bi is the corresponding annihila- 
tion operator for the bosonic atom. Retaining only the 
lowest band with nearest neighbor interaction, we have 
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The nearest neighbor nonlinear interaction terms are 
usually very small compared to the onsite interaction and 



are neglected as usual. The onsite energies Jo and Eq are 
set to zero. We now write down the Heisenberg equation 
of motion for the bosonic field operator b as 



bj = -iU (1 + a 1 a) J + fc^} - l — + bj-i} 



—i 
ill no 



(0) 



The behaviour of the internal cavity mode is obtained 
from the quantum-Langevin equation which for a single- 
mode cavity becomes 
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Here di n and bi n are the external input fields incident 
from the two mirrors.. Equation (6) and (7) represents a 
set of coupled equations describing the dynamics of the 
compound system formed by the condensate and the op- 
tical cavity. We will work in the bad cavity limit, where 
typically, 71 and 72 are the fastest time scale ( this means 
that the cavity decay rates are much larger than the os- 
cillation frequency of bound atoms in the optical lattice 
of the cavity ). In this limit the intracavity field adia- 
batically follows the condensate wavefunction, and hence 
we can put a = 0. We treat the BEC within the mean 
field framework (large atom numbers) and assume the 
tight binding approximation where we replace bj by <pj 
and look for solutions in the form of Bloch waves 



4>j = Ukexp(ikj d)exp{—int / K) . 
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Here u is the chemical potential, d is the periodicity of 

the lattice and = |ufe| 2 = no (atomic number 

density)and / is the total number of lattice sites. Also 
n o = N (total number of atoms) In frequency space 
we obtain from equations (6) and (7) 
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The fields di n and bi n are also related to their fre- 
quency components in a similar manner. Interestingly 
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we find that due to the atomic backaction, the quan- 
tum state of the cavity field varies along the Brillioun 
zone. The cavity photons develops a band structure due 
to the strong coupling with the condensate, analogous 
to photonic band gap materials. The concept of pho- 
tonic band gaps in optical lattices has been known for 
quite some time 16|. The cavity photons are created by 
scattering through the atoms which are coherently driven 
by the pump. Interestingly, the average photon number 
< a) a > measures the light transmission spectra and is 
different for the Mott insulator (MI) and the superfluid 
phase (SF) [ll|. 

The relationship between the input and output modes 
may be found from using the boundary conditions at each 
mirror, 



the light field remains quantum-mechanical for the dura- 
tion of the experiment. Recent experiments [17| showed 
that in a ring cavity, even at large detunings from the 
atomic resonance a strong coupling between the atoms 
and the cavity field can be achieved. In conclusion, we 
have studied a system of periodic Bose condensed atoms 
coupled to cavity photons using the input-output formal- 
ism of [14j . We have shown that the cavity will either act 
as a through pass Lorentzian filter when the superfluid 
fraction is minimum or completely reflect the input field 
when the superfluid fraction is maximum. 



at (u>) + a in {uj) = y/^a(u) 
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We find, 
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Vy/ll + (7l/2 - 72/2 + iA)Oin(w) + ^7l72*mM 



{71/2 + 72/2 -iA'} 

(13) 

Where A = A c + uj - 2JNU cos(kd). If the two 
mirrors are the same, 71 = 72 = 7 and near resonance 
A « 0. The resonance point is one where the superfluid 
fraction is minimum [lOj. 
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This shows that the cavity now behaves like a shifted 
through-pass Lorentzian filter. The input field will be 
completely reflected if A >> 7 (when the atoms are in 
the deep superfluid regime), a out {uj) ~ —a,i n (w). The 
state of the BEC together with the cavity parameters 
control the output field of the cavity. The parameter 
A c — 2JNUq cos(fcd) controls the superfluid fraction [Io| . 
By monitoring the ratio between the transmitted field 
and the reflected field, one can estimate the superfluid 
fraction. This is the main result of this paper. 

In order to monitor the superfluidity, one can perform 
a transmission spectroscopy with the scattered light by 
direct read out of the number of photons coming out 
of the cavity. The transmission of the scattered light is 
monitored as a function of A. Photon loss can be min- 
imized by using high-Q cavities and thus ensuring that 
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